Locally symmetric spaces and K-theory of number fields 
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Abstract 

We describe an invariant of flat bundles over locally symmetric spaces with values 
in the K-theory of number fields and discuss the nontriviality and Q-independence 
of its values. 



1 Introduction 

While elements in topological K-theory K~* {X) are, by definition, represented by (vir- 
tual) vector bundles over the space X, it is less evident what the topological meaning 
of elements in algebraic K-theory (A), for a commutative ring A, may be. An ap- 
proach, which can be found e.g. in the appendix of [22], is to consider elements in Kd {A) 
associated to a flat GL (^)-bundle over a c?-dimensional homology sphere M . Namely, let 

p : TTiM ^ GL [A) 

be the monodromy representation of the flat bundle, then its plusification 

(B/9)+ : M+ BGL+ {A) 

can, in view of A/+ ~ S'', be considered as an element in algebraic K-theory 

Kd {A) := T:dBGL+ {A) . 

It was proved by Hausmann and Vogel (see [18] ) that for a finitely generated, commutative, 
unital ring A and d > 5 or d = 3, all elements in Kd {A) arise from such a construction. 

If the manifold M is not a homology sphere, but still possesses a fundamental class 
[M] G Hd {M ; Q), one can still consider 

{Bp)^[M]eHdiBGL {A);Q) 

and can use a suitably defined projection (see Section 2.4) to the primitive part of the 
homology to obtain 

7 (M) e Pd {BGL {A) ;Q)c^Kd (A) ® Q. 

An interesting special case, which has been studied by Dupont-Sah and others, is 
K3 (C). By a theorem of Suslin, K3 (C) is, up to 2-torsion, isomorphic to the Bloch group 
J5(C). On the other hand, each ideally triangulated hyperbolic 3-manifold yields, in a 
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very natural way, an element in B{C), the Bloch invariant. By [28 , this element does 
not depend on the chosen ideal triangulation. 

A generalization to higher-dimensional hyperbolic manifolds was provided by Gon- 
charov. He associated to an odd-dimensional hyperbolic manifold and flat bundles com- 
ing from the half-spinor representations, an element 7 (M) G K^, (Q) (E) Q, and proved its 
nontriviality by showing that application of the Borel regulator yields (a fixed multiple 
of) the volume. 

It thus arises as a natural question, whether other locally symmetric spaces and differ- 
ent flat bundles give nontrivial elements in the K-theory of number fields (and eventually 
how much of algebraic K-theory in odd degrees can be represented by locally symmetric 
spaces and representations of their fundamental groups). 

In section 2, we generalize the argument in [TS] to the extent that, for a compact 
locally symmetric space M^""-'^ = T\G/K of noncompact type and a representation 
p : G GL (N, C), nontriviality of the associated element 7 (M) e -ft'2n-i (Q) ® Q is 
(independently of F) equivalent to nontriviality of the Borel class p*b2n-i- 

While it does, in general, not work to associate elements in algebraic K-theory to flat 
bundles over manifolds with boundary, we show in section 4 that an element 7 (M) S 
K^, (Q) (g) Q can be associated to flat bundles over locally symmetric spaces of finite vol- 
ume. f }15j did this for hyperbolic manifolds and half-spinor representations, but implicitly 
assuming that dM be connected.) The results of section 2 (for closed manifolds) and sec- 
tion 4 (for cusped manifolds) are subsumed in the following theorem. 

Theorem. For each symmetric space G/K of noncompact type and odd dimension 
d = 2n — 1, and to each representation p : G ^ GL (N,C) with p*b2n-i 7^ 0, there 
exists a constant Cp ^ 0, such that the following holds. If M = T\G / K is a finite-volume, 
orientahle, locally symmetric space and either M is compact or rk {G/K) — 1, then there 
is an element 

(M) e K2n-1 {0} Q 

such that the Borel regulator r2n-i '■ -f^2n-i (Q) ® Q — >■ K. fulfills 

r2n-i h{M)) = cpvol (M). 

In particular, if p*b2n-i 7^ 0, then locally symmetric spaces T\G/K of Q-independent 
volume give Q-independent elements in K2n~i (Q) (Xi Q. 

(In many cases one actually associates an element in K271-1 (F) (g) Q, for some number 
field F, see Theorem 2 in section 2.5.) 

In section 3, we work out the list of fundamental representations p : G — ?► GL {N, C) 
for which /0*&2n-i 7^ holds true. It is easy to prove that p*b2n-i 7^ is always true if 
2n~ 1 = 3 mod 4. We work out, for which fundamental representations p*&2n-i 7^ holds 
if 2n — 1 = 1 mod 4. (In [TS] it was stated that the half-spinor representations would 
seem to be the only fundamental representations of Spin (2n —1,1) that yield nontrivial 
invariants of odd-dimensional hyperbolic manifolds. This is however not the case. Indeed, 
if 2n — 1 = dim (M) = 3 mod 4, then each irreducible representation of Spin (2n — 1, 1) 
yields nontrivial invariants.) 

The proof uses only standard Lie algebra and representation theory. The result reads 
as follows. 
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Theorem. The following is a complete list of irreducible symmetric spaces G/K of 
noncompact type and fundamental representations p : G ^ GL{N,C) with p*62n-i 7^ 
for 2n- 1 := dim{G/K). 

- SLi (R) / SOi, ^ = 0, 3, 4, 7 mod 8, any fundamental representation, 

- SLi (C) I SUi, I = mod 2, any fundamental representation, 

- SL21 (H) I Spi, I = mod 2, any fundamental representation, 

- SpiUp^ql (Spirip X Spiriq) ,p,q = 1 mod 2,p ^ q mod 4, any fundamental representa- 
tion, 

- SpiUp^q/ (SpiUp X SpiUq) ,p,q= 1 mod 2,p = q mod 4, positive and negative half-spinor 
representation, 

- Spini (C) / Spini, I = 3 mod A, the spinor representation and its conjugate, 

- Spini (C) /Spini, I = 2 mod 4, any fundamental representation, 

- Spi (C) /Spi, I = 3 mod 4, any fundamental representation, 

- El (C) /El, any fundamental representation. 

For hyperbolic manifolds and half-spinor representations, the construction of 7 (M) is 
due to Goncharov. (Though the proof in [15] implicitly assumes that dM be connected.) 
For hyperbolic 3-manifolds, another construction is due to Cisneros-Molina and Jones in 
[5]. (It was related in [S] to the construction of Neumann- Yang in [IH]-) The latter has the 
advantage that the number of boundary components does not impose technical problems, 
contrary to the group- homological approach in [l5] . 

Our construction for closed locally symmetric spaces is a straightforward generaliza- 
tion of [15]. 

In the case of cusped locally symmetric spaces (with possibly more than one cusp) 
it would have seemed more natural to stick to the approach of Cisneros-Molina and 
Jones, and in fact this approach generalizes to locally symmetric spaces in a completely 
straightforward way (see section 4.1). However, we did not succeed to evaluate the Borel 
regulator (in order to discuss nontriviality and Q-independence of the obtained invariants) 
in this approach. On the other hand, Goncharov's approach, even in the case of only 
one cusp, uses very special properties of the spinor representation, which can not be 
generalized to other representations. 

Therefore, our argument is sort of a mixture of both approaches. On the one hand it 
is closer in spirit to the arguments of [Hj (but with the cuspidal completion in section 4.2 
memorizing the geometry of distinct cusps), on the other hand the argument in section 
4.3 uses arguments from [5] to circumvent the very special group-homological arguments 
that were applied in |15| in the special setting of the half-spinor representations. 

Of course, it should be interesting to relate the different constructions in a more direct 
way. 

2 Preparations 

The results of this section are fairly straightforward generalizations of the results in [15] 
from hyperbolic manifolds to locally symmetric spaces of noncompact type. We will define 
a notion of representations with nontrivial Borel class and will, mimicking the arguments 
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in [15) . show that representations with nontrivial Borel class give rise to nontrivial ele- 
ments in algebraic K-theory of number fields. The problem of constructing representations 
with nontrivial Borel class will be tackled in the section 3. 

2.1 Construction of elements in algebraic K-theory 

In this paper, rings A will always be commutative rings with unit. (To be explicit: we 
will always consider subrings of C.) 

Assume that M is a closed, orientable n-manifold with F := wiM. Assume that we are 
given a ring A and a representation p -.T ^ GL (A) , where GL (A) denotes the increasing 
union of GL {N, A) over aU N eN. 

We get an induced map 

Bp: M ^ BGL {A) . 

Throughout this paper BGL {A) (resp. BG for any Lie group) will mean the classifying 
space for G"', that is the group G with the discrete topology. Thus niBG = G. 
Quillen's plus construction (see [30j ) provides us with a map 

(S/9)+ : Af+ ^ BGL+ (A) . 

If M happens to be a d-dimensional homology sphere, then Af is homotopy equivalent 
to S'' and one gets a map 

gd _ ^ (A) 

which may be considered as representative of an element 

e {A) := TTd {BGL+ (A)) . 

It was actually shown by Hausmann and Vogel (cf. [18] or [17]) that, for d > 5 or d = 3, 
each element in Kd (A) for a finitely generated commutative ring A can be constructed 
by some homology sphere M and some representation p. 

If M is not a homology sphere, but a closed and oriented d-manifold, and A satisfies 
mild assumptions (see Section 2.4), e.g. for A = Q, then we will construct an element in 
Kd (A) (g) Q, as follows. The continuous map Bp induces a homomorphism 

(Bp)^ : Hd {M- Q) ^ Hd {BGL {A) ; Q) . 

Since M is a closed, oriented d-manifold, we have the fundamental class [M] e Hd {M ; Q), 
which is the image of a generator of Hd [M] Z) under the change-of-rings homomorphism 
associated to the inclusion Z — ?> Q. Let 

(Bp), [M] e Hd (BGL (A) ;Q) = Hd (bGL {A)+ ; q) . 

By the Milnor-Moore Theorem, the Hurewicz homomorphism 

Kd {A) := ^d (bGL (A)+) ^ Hd (bGL {A)+ ; z) 

gives, after tensoring with Q, an injcctive homomorphism 

Id ■.Kd{A)®Q = -Kd (bGL (A)+) ®^^Hd (bGL (A)+ ; q) = i/d [BGL {A) ; Q) . 
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Again by the Milnor-Moore Theorem, its image consists of the subgroup of primitive 
elements, which we denote by PH^ (BGL {A) ; Q). 

(If d is even and A is a ring of integers in any number field, then PHj^ {BGL [A) ; Q) = 
0. Therefore one is only interested in the case that d is odd, d = 2n — 1.) 

Whenever we fix a projection pra : Hd {BGL {A) ; Q) PHd {BGL {A) ; Q), we can 
define an element 7 (M) e Kd {A) (g) Q as 

7(Af) ■.= Id'prd{Bp)AM]. 

In Section 2.4 we are going to show e.g. for A — Q (and also for many other rings) the 
projection pvd can be chosen such that the Borel regulators of h and prd {h) agree for all 
h € Hd (^BGL (Q) ; Q) . In particular, to check nontriviality of 7 {M) it will then suffice 
to apply the Borel regulator to {Bp)^ [M]. 

If Af is a (compact, orientable) manifold with nonempty boundary, then there is no 
general construction of an element in algebraic K-theory. However, we will show in section 
4 that for finite- volume locally symmetric spaces one can generalize the above construction 
and again construct a canonical invariant 7 (M) £ Kd (Q) ® Q. 

2.2 The volume class in H'^ [isom {m^) 

For a group G, its classifying space BG (with respect to the discrete topology on G) is 
the geometric realisation of the simplicial complex BG defined as follows: 

- the k-simplices of BG are the n+l-tuples (1, gi, . . . , gk) with 51, . . . , e G, 

- the boundary operator is defined by 

5(1,51, •• •,gfe) = (l,ff2, ■ ■ ■ ,fffc)+Ef=/ (-1)' ■ • • ,5»5i+i, ■ ■ • ,5fe) + (-l)'' (1,51, • ■ - iSfc-i)- 

If M is an aspherical space, xq G M and F = tti {M,xo), then Eilenberg and MacLane 
defined in |13j a chain homotopy equivalence 

EM : Cf™P {BT) Cf'^ {M) 

such that, for 51, . . . , 5fc G F, the k-simplex EM (1, 51, . . . , 5^) has all its vertices in xq and 
the edge connecting the i-th and i+l-th vertex represents 51 for z = 1 resp. gY\gi €E F, 
for i = 2, . . . , k. 

Volume class. We recall that the continuous cohomology H* {G; IR) of a Lie group G is 

defined as the homology of the complex (Cc {G*+\R)^ , 5^ , where Cc (G*+i, R)^ stands 

for the continuous (with respect to the Lie group topology) G-invariant mappings from 
G*+^ to R and 6 is the usual coboundary operator. In particular, the group cohomology 
of G is the continuous cohomology for G with the discrete topology. 

The comparison map comp : H* (G; R) — >■ H*^^^ {BG; R) is defined by 

camp (/) (1, 51, ... , 5fc) := / (1, 51, 5152, • ■ • , 5i52 ■ • ■ 5fc) 
for / e (G). In particular, elements of H* (G;R) can be evaluated on H.^, (SG;R). 
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Let M = G/K be a symmetric space of noncompact type. It is well-known (|19|. 
Ch.V, Thm.3.1) that M has nonpositive sectional curvature. G acts by isometrics on M. 

The volume class 

VdeH^{G;m) 

is defined as follows. Fix an arbitrary point x G A/ — G/K. Then we define a cocycle 

cvd e C"* (BG) by 



cvd (1,51. ■ • • / dvol, 

J str(x,gix,...,gi...gdx) 

that is the signed volume of the straight simplex with vertices xq, ffiio, • • • , ffi • ■ -gdio- 
(Note that in a simply connected space of nonpositive sectional curvature each ordered 
fc + l-tuple of vertices (po, ■ ■ ■ ,Pk) determines a unique straight d-simplex str (po, . . . ,pk).) 
By Stokes' Theorem we have 

/ d-l N 

Sci^d (1,31, • ■ -,5^+1) = ci^d (l,.g2, . . . + ^ (-1)' (1,51, . . . ,5*5*+i, • ■ • ,5d) + (-l)'' (1,51, ■ • -.gd-i) 



/ dvol — / dvol — d (dvol) = 0. 

i=0 str(^x,...gi...gix....,gi...gdx) J dstr{gix,...,gi...gdx) J str{gix,...,gdx) 

Thus ci^d is a simplicial cocycle on BG. (Its cohomology class does not depend on x, be- 
cause any x S G/K can be mapped to any other xq S G/K by some g € G and the action 
of G on G/K is homotopic to the identity and therefore preserves cohomology classes.) 
The corresponding cocycle i/d € {G; M.) is given by the (clearly continuous) mapping 

'^d {go, ■■■,gd)= CVd (l,ff^'gi, . . • ,ffdl\.grf) = htr{x,g-^g^x,...,g-\adi) Thus WC havC 

defined a cohomology class :— £ {G:M.) such that comp{vd) G H'^ {BG;M.) is 
represented by ci^d. 

Theorem 1. Let M = T\G/K be a (closed, oriented, d- dimensional) locally symmetric 
space of noncompact type, and j : T G the inclusion ofT — ttiM . Let : Hd {M; Z) = 
Hd (F; Z) — >■ Hd (G; Z) be the induced homomorphism, and denote [M] g Hd {M; Z) the 
fundamental class of M. Then 

vol{M) =< vd,j* [M] > . 

Proof: Let tt : G/K — M ^ M be the covering map. Fix a point xq G M and a 
lift G Af . Let C***^'"^" (A/) be the chain complex of straight simplices with all vertices 



in xq. Let wq, . . . ,Wk be the vertices of the standard simplex A . Each a € (M) 



-^str,XQ 

is a continuous map a : A*^ — ^ Af which (by asphericity of Af) is uniquely determined 
by the homotopy classes of the sub-l-simplices 7^ C cr with d^j = a (wj) — a (wj_i) for 
j — 1, . . . ,k. Thus 

for F = 7ri(Af, Xq), where the bijection maps a to (1, 71, . . . , 7,^). It follows from the 
definition of the boundary operator on BY that this bijection is a chain map, thus an 
isomorphism of chain complexes. 
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Moreover, inclusion C***^'^" (M) — >■ C* (M) induces an isomorphism in homology. In- 
deed, each cycle in C* (M) can first be homotoped such that all vertices are in xq, and 
then be straightened (by induction on dimension of subsimplices, depending on a chosen 
order of vertices). Straightening a simplex a with straight boundary means to chose the 
unique geodesic simplex which is homotopic rel. d to a. (In particular, its edges represent 
the same elements of tti (M, xq) as the corresponding edges of a. ) It is well-knowr0 that 
straightening all simplices of a cycle yields a cycle in the same homology clasfH. 

So, let X]i=i "i""* t)e a representative of the fundamental class. (One may choose e.g. a 
triangulation ai + . . . + (7^-) Then vol (M) = ^ivol (ct^). The cycle J2i=i ^i^i ho- 

mologous to some € Ct^^'^° (M). (Possibly after straightening some simplices 

overlap, so we do not get a triangulation. However, it will be sufficient to have a fundamen- 
tal cycle consisting of geodesic simphces.) By Stokes Theorem, vol (M) = X]i=i o-ivol (r^). 
The isomorphism Cf (M) CT"^ (BF) maps each n to (l, 7^, . . . , 7^) S T'^+\ 
where 7] € F is the class of the (closed) edge from n (wj-i) to Ti {wj). Then tj = 
TT {str (xo,7iio, • • • ,7i • ■ •7d*o))- Thus 

J, [M]eHdiBG;Z) 

is represented by 

^a,(l,7l,...,7^)eCr''(SG). 

1=1 

But 

< cz^d, (l,7ii ■ • ■ >7d) >= / dwo/ = / dvol ^ vol (Ti) , 

which implies 

r r 

< cz^d,^a,; (1,7^, . . ■ ,7d) >= ^aivol (n) = woZ (M) . 

i=l i=l 



2.3 Borel classes 

Let M — G/K be a symmetric space of noncompact type. Then G is a semisimple, 
noncompact Lie group and K is a, maximal compact subgroup. 

^This is proved in 12], Lemma C.4.3, for hyperbolic manifolds. Word by word the same proof works if 
M is any Ricmannian manifold of nonpositive sectional curvature, in particular if M is a locally symmetric 
space of noncompact type. 

^This construction uses that M is a manifold of nonpositive sectional curvature. That assumption 
might actually be avoided, since it was shown in |13l that, for each aspherical space M with fundamental 
group r, there is a subcomplex K (M) := EM (^cf"''' [BT)) C Cf"^ (M) such that: 

- EM : Cf (Br) K (M) is a chain isomorphism and 

- the inclusion K (M) C C**"® (M) induces an isomorphism in homology. 

If M is a Riemannian manifold of nonpositive sectional curvature, then one can define EM such that 
K(M) = cf '"^0 (M). 
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Let g be the Lie algebra of G, and A: C <? be the Lie algebra of K. There is the Cartan 
decomposition g = k(Bp with [k,k\ C k, [k,pj C p, [p,p] C k. It is a well-known fact that 
the Killing form B {X, Y) — Tr {ad {X) o ad (Y)) is negatively definite on k and positively 
definite on p. 

The dual symmetric space is Gu/K , where Gu is the simply connected Lie group with 
Lie algebra g^ = k®ip C g(E)C The Killing form on g^ is negatively definite, thus Gu/K 
is a compact symmetric space. 

The Lie algebra cohomology H* (g) is the cohomology of the complex (^A*g,d) with 

d0 (Xo, . . . , X„) = </) (-1)'+^' Xj] , Xo, . . . , ^„ . . . , X, , . . . , X„) . The relative 

Lie algebra cohomology H* (g, fc) is the cohomology of the subcomplex (C* [g,k^ , d) with 
C* {9,k) = {(!)€ A*g: X_i(j) = 0,ad{X)(j) = VXGfc}. If G/if is a symmetric space of 
noncompact type, and Gu/K its compact dual, then there is an obvious isomorphism 

H*{g,k) = 

9.u^h^^ '^^''^^ *° obvious hnear map k®ip_^ k® p. Moreover, 
H* is the cohomology of the complex of G-invariant differential forms on G/K. 

Since Gu is compact and connected, there is an isomorphism (defined by averaging) 

H* (^g^,kj — H* [Gu/ K]M). (Each closed form on Gu/K is cohomologous to a G„- 

invariant form.) 
For example, 

H* [spin {d, 1) , spin (d)) ^ H* {Spin {d + 1) /Spin (d) ■,R) ^ H* (S''; M) . 

Dualizing representations. Let p : G GL {N, C) be a representation, p can be 
conjugated such that K is mapped to U {N). We will henceforth always assume that p 
has been fixed such that p sends K to U {N) . 

Definition 1. Let M ~ G/K be a symmetric space of noncompact type. Let p : (G, K) — > 

{GL{N,C) ,U (N)) be a smooth representation. We denote 

Dep:{g,k) igl{NX),u{N)) 
the associated Lie-algebra homomorphism, and, with g = k® p, g ^ :— k(Bip, 

DePu ■■ [g^,k^ ^ iu{N)®u{N),u{N)) 
the induced homomorphism on k® ip. The corresponding Lie group homomorphism 

Pu : {Gu, K) ^ [U (N) xUiN),U (N)) 
will be called the dual homomorphism to p. 

Here g^, k and ip are to be understood as subsets of the complexification g (Ei C, and Gu 
is the simply connected Lie group with Lie algebra g . In particular, the complexification 
of glNC is isomorphic to glN^C ® glN'C, and ip u (iV) in this case. We emphasize that 
Pu sends K to the first factor of U {N) x U (iV), and not to the diagonal subgroup as has 
been claimed in [15) . 
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Van Est Theorem. The van Est theorem states that there is a natural isomorphism 

H:{G;R)=H*{g,k). 

li p : G GL {N, C) is a representation, sending K to U (N), then we conclude that 
there exists the following commutative diagram, where all vertical arrows are isomor- 
phisms 

H* {GL {N, C) ; M) — ^ H* (G; R) 

H* {gl {N, C) ,u{N)) ^ H* {g, k) 



H* {u{N)®u{N),u{N)) ^^''" ^ H* 

H* [U \n) ■ K) ^ H* {Gu/K; R) 

If dim{G/K) ~ d, then Gu/K is an d-dimensional, compact, orientable manifold 
and we have H'^ (G;K) ^ H<^ {Gu/K,M) ^ M. Thus the volume class [vd] is the (up to 
multiplication by real numbers unique) nontrivial continuous cohomology class in degree 
d. 

Corollary 1. The volume class [vd\ G (G';R) corresponds (under the van Est isomor- 
phism) to the (de Rham) cohomology class of the volume form [dvol] G H'^ {Gu/K;M.). 

Proof: According to [10 , Prop. 1.5, corresponds to the class of the volume form 
in H'^ {g,]£}- It is obvious that the isomorphism H'^ (ff, fc) — H'H (j)^,kj maps the volume 
form of G/K to the volume form of Gu/K. QED 

Borel classes 

Let G be a compact Lie group. Let /| (G) resp. l\ (G) be the ac?-invariant symmet- 
ric resp. antisymmetric multilinear k-forms on g. We have the isomorphism l\ (G) — !■ 
i/'=(G;R). Moreover, we remind that there is the Chern-Weil isomorphism /| (G) 
H^'^ (SG;R), where in this section (contrary to the remainder of the paper) BG means 
the classifying space for G with its Lie group topology. In particular, ii G — U {N), then 
the invariant polynomial 

(27ri)" ^ ' 

is mapped to 

G„ e . 2) ^ 

the n-th component of the universal Chern character. 
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There is a fibration G — >■ EG — >■ BG and an associated 'transgression map' r which 
maps a subspace of 77^""^ {G]Z) (the so-cahed transgressive elements) to a quotient of 
i/^" (SG; z), cf. [3], p.410. liG = U (N), then, according to Borel (g], p.412), one has 

H* {U {N) -n^Ki (&i, 63, 65, ■ • ■ , &2JV-1) , 
for transgressive elements 62^-1 G H^n-i (|[/ ('^^ . ^-j -^^Jijch satisfy 

T (&2n-l) = C„. 

The classes h^n-i are called Borel classes. By definition, Borel classes exist only in odd 
degrees. (We will not distinguish between 52n_i and its image in iJ^n-i (j^-^ ;M).) 

According to Cartan (j8,), there is a homomorphism 

R : (G) ^ (G) , 

whose image corresponds (after the isomorphism /^"^^ (G) = iJ^n-i (^(^-jj)) precisely to 
the transgressive elements. It is explicitly given by 

^ (/) (-'^l: ■ • ■ : ^2n-\) = ^ (^1)'^ / (^o-(l)' [-''^o-(2) ) -'^o-(3)] ) • ■ • : [Xa(2n-2), ^cr{2n-l)]) ■ 

(TeS2,i-i 

In particular, for H* {U (N) ; R) ^ ff* {u (N)), a representative of 62„-i e iJ^"-! (« (TV)) 
is given by the cocycle 

62n-l (Xl,...,X2n-l) = (27rz)" (2n- 1)! ^ ^''(^'T(l) [^^(2), ^a(3)] ••• [^^(2n-2),^a(2n-l)]) • 

It will be clear from the context whether we consider the Borel classes as elements of 
H* {u{N)) ~ H* {U (N) ;R) or as the (under the van Est isomorphism) corresponding 
elements of H* {GL (iV, C) ; M). 

Stabilization ff* (J7 (TV + 1) ; M) -> H* (;7(iV);R) preserves 62™-!, thus 52„-i may 
also be considered as an element of i?^"-! ([/; R) i/2«-i (^qi j-q . 

We consider K2n-i (C) (g) Q as a subgroup of i?2ri-i {BGL (C) ; Q), as in section 2.1. 
The Borel regulator 

r2„-i :if2„-i(C)®Q^R 
is, for X e i^2n-i (C) (8) Q, defined as applying the Borel class 

b2n-i e Hl^-^ [GL (C);R) 

to X e K2n-i (C) ® Q = PH2n-i (SGL (C) ; Q) C i?2n-i (SGL (C) ; Q). 

(We will show in section 2.4 that there is a projection pr2n_i : i?2m-i [BGL (C) ; Q) — >■ 
K2„^-l (C) Q such that 62+1 {pr2n~i {x)) = b2n-i (x) for aU x G i?2n-i (SGL (C) ; Q).) 

If A C C is a subring, then inclusion induces a homomorphism K2n~i (^) <8i Q — > 
^2n-i (C) (g) Q, thus the Borel regulator also defines a homomorphism 

r2„-i : A'2„-i (A) ® Q ^ R. 
Borel class of representations. 
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Definition 2. Let M — G/K be a symmetric space of noncompact type of odd dimen- 
sion d = 2n — 1. We say that a (continuous) representation p : G ^ GL [N,C) has 
nonvanishing Borel class if p*b2n-i 7^ G H^"^^ (G;R). 

Lemma 1. Let G/K be a symmetric space of noncompact type, of odd dimension d = 
2n — 1 . A representation p : G ^ GL {N, C) has nonvanishing Borel class if and only if 
Pub2n-i 7^ G {Gu/K;R), and the latter holds if and only if 

<b2n-l,{Pu)AGu/K] >^0. 

Proof: The first equivalence follows from naturality of the van Est isomorphism. 
The second equivalence follows from LL^^Gu/K-jR) ~ M. {G^/K is a closed, orientable 
d-manifold.) QED 



2.4 Projection H, {BGL (q) ; Q) ^ (q) ® Q 

Let A C C be a subring and G ^ GL (A). Let / = LL*-^ {EG; Q) be the augmentation 
ideal of LI* {BG\ Q) and let D = be the subspace of decomposable cohomology classes. 

Let PHf, {BG; Q) be the subspace of primitive elements in homology. It is easy to 
check that c (/i) = for all c € D,hG PH^ {BG; Q). By [27], Prop.3.10., L/D is the dual 
of PH, {BG; Q), which implies 

i:» = {ce/:c(/i) = OV/ie PH^ {BG; Q)} and PH, {BG; Q) = {h e {BG; Q) : c{h) = y c e D} . 

In section 2.3 we have defined the Borel classes as elements 62n-i G iJ^"^^ (C) ; K)- 
If A C C is a subring, then by composition with the inclusion GL {A) GL (C) we can 
also consider them as elements &2n-i G iJ^n-i {BGL {A) ;R). 

Lemma 2. Let A C C be a subring. Assume that the Borel class 62ri-i G i^^n-i {BGL {A) ; R) 
is not decomposable: b2n-i ^ D. 
Then there exists a projection 

pr2„-i : H2n-i {BGL {A) ; Q) ^ PH2n^i {BGL {A) ; Q) 

such that 

b2n-l {pr2n-i {h)) = 62«-l (h) 
for all h € H2n-i {BGL {A) ; Q). 

Proof: Let G — GL {A). Since b2n-i ^ D we can choose a basis {e^ : i e /} of the 
Q-vector space i^^n-i {bG;Q) such that the following two conditions are satisfied: 

• There exists a subset J C / such that {ej : j e J} is a basis of D. 

• There exists some zq G / \ J such that fe2n-i — &ia- 

Let {fi : i G 1} be the dual basis of i?2n-i {BG; Q), that is {fk) = Sik for all i,k E I. 
We have 

PH2n-i {BG; Q) = {he H2n-i {BG; Q) : c{h) = OVc e D} =< /, : j ^ J > . 
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We use this basis to define the projection pr2n-i by pr2„_i (fi) — fi \i i <^ J and 
pr2n-i ifi) = if i e J. 

Since iq ^ J we have pr2n-i{fio) = fun thus &2n-i (p»'2«-i (eio)) = &2ri-i (eio) 
and, of course, for i 7^ iq we have &2ti-i (pr2n-i {s-io)) = = &2n-i (eio)- This implies 
&2n-i (p?-2„-i (/^)) = 62„-i (/i) for all /i e iJ2«-i (-BG; Q). gi;i^ 

To decide whether the Borel class is indecomposable we appljH Borel's computation 
of K-theory of integer rings in number fields in [5] . 

Let Of be the ring of integers in a number field F, which has ri real and 2r2 complex 
embeddings. Borel proves that the Borel regulator, applied to the different embeddings 
of SL (Op), yields an isomorphism between PH2n-i {BSL (Oi^;Z)) and 1^^+^^ resp. 17''^ 
if n is even resp. odd. 

Since decomposable cohomology classes vanish on primitive homology classes, this im- 
plies in particular: 

If A — Op for a number field F, then the Borel class &2n-i is not decomposable for 
even n 

If moreover F is not totally real, then the Borel class b2n-i is not decomposable for 
all n. 

In particular, we can applv lLemma 21 to A = Op. 

If ^1 C A2 C C are subrings and the Borel class is not decomposable for Ai, then of 
course it is also not decomposable for A2 . Thus we can actually apply ILemma 2] to all 
rings A with Op C A C C. In particular to A = Q or A = C: 

Corollary 2. There exists a projection 

pr2n~i : H2n-i {BGL (Q) ; Q) ^ Pi/2„-i {BGL (Q) ; Q) = i^2n-i (Q) ® Q 
such that 

b2n-l {pr2+l (h)) = &2n-l (h) 

for allheH2n-i{BGL{Q);Q). 

•^We remark that in the aheady interesting case A = C one can prove indecomposabihty of the Borel 
class without using Borel's K-theory computation. 

First, H* (^GL (^N,C^ ; Q) = Aq (61, 63, 65, . . . , f)2JV— 1) implies that b2n— 1 is not decomposable in 
H* {GL (^N.C^ ; Q) for any A^. Next, by homology stability of the linear group ( 7 , p. 77), inclusion 

induces an isomorphism H^^-^ (^BG; Q) = H^n-i (^BGL (n, C) ; Q) if 2n - 1 < ^^f^, that is if Af > 
4n + 3. 

By Borel's Theorem (see [5], Thm.9.6.), for any arithmetic subgroup F C SL(^N,C^ we have an 
isomorphism j* : ^2^-1 (^sr;Q) H^""^ {BSL (A^.C) ; Q) whenever 2n - 1 < ^, that is if A^ > 
8n -I- 4. This isomorphism is constructed via the van Est isomorphism, that is by integration of forms 
over simplices. In particular, if /i G H* (^BSL (^N, ; Q) and i : F — >■ SL (^N, C) is the inclusion, then 
j*i*h maps to h under the canonical homomorphism from continuous to ordinary group cohomology. 

Now we prove fe2n— 1 ^ D hj contradiction. Assume fe2n— 1 were decomposable, that is b2n-l = xy, 
where x,y £ I are cohomology classes of degree > 1. Fix some A^ > 8n -|- 4 > 4n -t- 3. Then j*i''h = 
{j*i*x) {j*i*y) is decomposable in H* (GL (A", C) giving a contradiction. 
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2.5 Compact locally symmetric spaces and K-theory 

In this subsection, we finally show that to each representation of nontrivial Borel class, 
and each compact, oriented, locally symmetric space of noncompact type we can find a 
nontrivial element in K^, (Q) ® Q. 

Theorem 2. For each symmetric space G/K of noncompact type and odd dimension 
d = 2n — 1, and to each representation p : G ^ GL{N,<C) with p*fe2n-i 7^ 0, there 
exists a constant Cp ^ 0, such that the following holds: to each compact, oriented, locally 
symmetric space M = T\G/K, with p (T) C GL [N , A) for a subring A d C satisfying 
the conclusion of lLemma S\ there exists an element 

7 (M) e K2n-i {A) ® Q 

such that the Borel regulator r2n-i ■ ^2ri-i (A) (g) Q — > M fulfills 

r2n-l il (M)) ^ Cpvol (M). 

Proof: 

In [Theorem II we have produced an element [AI] e Hd {BG; Z). Applying [Bp)^ we 
get an element 

{Bp)^ J, [M] e Hd [BGL {N, C) ; Z) . 
Since {Bp)^j^, maps BT to BGL {N,A), we have 

[M]eHdiBGL iN,A);Z). 

By assumption p*b2n-i 7^ 0. Since H^"^^ (G) is one-dimensional, this implies p*b2n-i = 
CpV2n-i for some real number Cp ^ 0. 

Bv lLemma 21 we have a projection pr2„_i. Thus, as in section 2.1., we can consider 

7 (M) := l2,liPr2n-l (Sp)2„_i j2n-l [M] e K2n-1 {A) <E> Q. 

Since the Borel regulator is defined by pairing with &2n-i, and by Lemma 2, we get 

r2„_l(7(M)) ^<b2n-l,liM) > = < fe2n-l,(Sp)2„_iJ2«-l [M] > 

= < b2„^l, {Bp)^^_^j2n-1 [M] >^< /5*62n-l, J2ri-1 [M] > 
= < CpV2n-l,j2n-l [M] >^ CpVol (A/) 

where the last equality is true by [Theorem II QED 

Corollary 3. For each symmetric space G/K of noncompact type and odd dimension 
d ^ 2n — 1, and to each representation p : G ^ GL{N,<C) with p*&2n-i 7^ 0, there 
exists a constant Cp ^ 0, such that the following holds: to each compact, oriented, locally 
symmetric space M — V\G / K there exists an element 

-/{M)eK2n-i{Q)^Q 

such that the Borel regulator r2n~i ■ ^2ri-i (Q) (X" Q — > M fulfills 

r2n-l il{M)) = cpvol (M). 
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Proof: G is a linear semisimple Lie group without compact factors, dim (G I K) = 
2n— 1 implies that G is not locally isomorphic to SL (2, R), because dim {SL (2, K) /SO (2)) 
2. Thus G satisfies the assumptions of Weil's rigidity theorem, which implies that there 
exists some g G G with gTg~^ £ G (Q). Thus, upon replacing F by gFg"^, M is of the 
form M = r\G/K with F C G (Q) . 

Each irreducible representation p : G ^ GL {N, C) is isomorphic to a representation 
p' such that G (Q) is mapped to GL (iV, Q) . This follows from the classification of 
irreducible representations of Lie groups, see jl4| . 

Moreover, by Corollary 2 A ~ Q satisfies the conclusion of ILemma 21 Thus we can 
apply [Theorem 21 QED 



Corollary 4. Let G/K be a symmetric space of noncompact type and p : G ^ GL (N, C) 

a representation with p*&2n-i 7^ O7 for 2n — 1 — dim{G/K). Then compact, oriented, 
locally symmetric spaces T\G/K of rationally independent volumes yield rationally inde- 
pendent elements in K2n-i (Q) ® Q- 

Remark: In jlSj it was claimed that for (2n-l)-dimensional compact hyperbolic manifolds 
one can construct an element 7 (M) e K2n-i (Q) such that r2n-i (7 (M)) = vol (M). 
However, since p*b2n-i is an integer cohomology class, Cp is rational if and only if V2n-i 
is a rational cohomology class, and this is equivalent to vol (M) —< W2n-i, [-^^] >G Q- 
Since, conjecturally, all hyperbolic manifolds have irrational volumes, one can probably 
not get rid of the factor Cp in I Theorem S[ 

In conclusion, we are left with the problem of finding representations of nontrivial Borel 
class, which will be solved in section 3. 

The Matthey-Pitsch-Scherer construction. The following construction gives 
a somewhat stronger invariant under the assumption that A'l is stably parallelizable. 
Assume that iW* — R" is an embedding with trivial normal bundle I'M. Let J7 be a 
regular neighborhood. Then there is the composition 

§" ^ U/dU U/dU A M+ = Th {vM) A M+ ^ i;""'^M+ A M+ S""'' A Af+ 

giving an element 7 (M) € tt^ {M). By [55], if M is a closed hyperbolic 3-manifold and 
p : M ^ BSL is the map given by the stable trivialization, then (7 (M)) is the Bloch 
invariant. 

An analogous construction works for locally symmetric spaces, as long as they are 
stably parallelizable. 

It is known by a Theorem of Deligne and Sullivan that each hyperbolic manifold M 
admits a finite covering M which is stably parallelizable. Let k be the degree of this 

covering. Then, rationally, we can define 7 {M) :— (■^^) ^ ""rf (-^^) ® ^'^'^ 

a finer invariant which gives back 7 (A/) e Kd (C) ® Q. We will not pursue further that 

approach in this paper. 

2.6 Examples 

Compact examples can e.g. be obtained by Borel's construction of arithmetic hyperbolic 
manifolds using quadratic forms. 
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Let u be an algebraic integer such that aU roots of its minimal polynomial have 
multiplicity 1 and are real and negative (except u). Assume moreover that (0, ... ,0) is 
the only integer solution of + . . . + X2n_i — ux\^ = 0. Let F C GL (2n) be the group of 
maps preserving x\ + . . . + x\^_i — ux\^ . It is isomorphic to a discrete cocompact subgroup 
of SO{2n— 1,1). By Selberg's lemma, it contains a torsionfree cocompact subgroup 
F C SO {2n — 1, 1; Z [u]). With the computations in section 3 below one concludes: If 
n is even, then the compact manifold M := F\H^"'~'^ (and, for example, a half-spinor 
representation) gives a nontrivial element 7 (M) e Km-i (^ ["]) <8) Q- \i n is odd, then 
there is no canonically defined projection to K^n-i (^[u]) ® Q but one gets at least a 
nontrivial element 7 (M) € K2n-i (Q) ® Q- 

3 Existence of representations of nontrivial Borel class 
3.1 Invariant polynomials 

Lemma 3. Let G/K be a symmetric space of noncompact type, of dimension 2n—l. Let 
t be a Cartan subalgebra of g. 

Then a representation p : G ^ GL (N, C) has nonvanishing Borel class if and only if 
Tr {DeP (i)") 7^ for some t G t. 

Proof: As in section 2.3, we consider the dual representation 
Pu : Gn/K -^UiN)xU (N) /U (N) ~ U (N) . 
We know that p has nonvanishing Borel class if and only if 

P*ub2n-i ^ e {Gu/K) . 

The projection p : Gu ^ Gu/K induces an injective map p* : H* (Gu/K) — >■ H* (G„), 
because a left inverse to p* is given by averaging differential forms over the compact group 
K. Hence, p*Jj2n-i 7^ if and only if its image in iJ^n-i (g^^^ docs not vanish. The latter 
equals 

{tT2Pu)* b2n-l, 

where tt2 : U {N) x U (N) — > U (N) is projection to the second factor. 

We identify (G„) with /^"-i (G„) and i?^" (BGu) with I]i (G„). Let 

R : (G„) (G„) 

be Cartan's homomorphism (see section 2.3). According to .8_, the image of R are the 
transgressive elements and one has 

R o T ~ id 

for the universal transgression map t. (In particular 6211-1 = -R(C'„).), 

In view of naturality of the transgression map, G„ = t (b2n-i) implies that 

{t^2Pu)* Cn = T {{tT2Pu)* b2n-l) , 
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thus {Tr2Pu)* i>2n-i 7^ is implied by 

Moreover, Ro t = id implies injectivity of r, hence {ti2Pu)* C„ 7^ is also a necessary 
condition for {'K2Pu)* ^2n-i 7^ 0. 



Recall that C„ corresponds to 



^ nTr{A^) 



under the isomorphism i?^" {BU {N)) ~ Ig {u (N)). Hence it suffices to check that the 
invariant polynomial 

Tr{Tr2Dp^,iAf) 

is not trivial on q . 

Let t„ be the Cartan subalgebra of g^, which corresponds to t under the canonical 
bijection fc ® p ~ fc ip. There is an action of the Weyl group W on we denote its 
space of invariant polynomials by SY By a theorem of Chevalley (see [6]), restriction 
induces an isomorphism 



r* 



In particular, it suffices to check that Tr {7120 pu {■)"') is not trivial on t^. 

We note that the Cartan algebra t can be conjugated into a subspace of p. Since the 
conclusion of Lemma 2 is invariant under conjugation, we can without loss of generality 
assume that t d p and thus C ip. This implies that, for t G Dpu (t) belongs to the 
second factor of u {N)(Bu (N), and thus TT2Dpu (t) — Dpu [t) on t^. Finally we note that, 
for t G p, Tr (Dp (t)") and Tr {Dpu {it}") coincide up to a power of i. The claim follows. 
QED 



Example: Spinor representations. We consider the half-spinor representations of 
so{m — 1, 1) because their Borel classes (for m = 2n even) have been computed in |15) 
and the computation given there appears not to be correct. (The point of confusion seems 
to be that [T5] computes a supertrace rather than a trace. This seems to be related to the 
wrong assertion that K ^ U (N) embeds as a diagonal subgroup into Gu = U (N) x U (N). 
However, K corresponds to the first factor of U (N) x U (N), see section 2.3.) 

For simplicity, we consider the complexified representation of so{m— 1, 1) (g) C ^ 
so (m, C). We use the description of the half-spinor representations as it can be found in 

m=2n even. Let V = C^" with C-basis ei, . . . ,62™, and Q the quadratic form given 
by Q {ci, Bn+i) = Q {cn+i, ei) = 1 and Q{ei,ej) = else. Let so{Q) be the Lie algebra 
of skew-adjoint matrices with respect to Q and let CI (Q) — CI (Q)'^"'^" ® CI (Q)"'^'^ — 
TV/ 1 (Q) be the Clifford algebra of Q with the grading induced from the grading of the 
tensor algebra TV = ®^o^'*'°' where / (Q) is the generated by all v(E)v+Q {v,v)l,v G V. 

There is an injective homomorphism so{Q) — >■ CI (Q)''^™ which maps, in particular, 
Ei,i — En+i,n+i to i {eien+i — 1) (see [2], pp. 303-305). Let W be the C-subspace of V 
spanned by ei, . . . , e„, W the subspace spanned by e„+i, . . . , e2n- 
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CI (Q) acts on A*W as follows: sends v & W to et A v and e„+i sends v & W to 
2v — 2Q {v, Bn+i) Bi, ioi i — 1, . . . , n. (This follows from the proof of [Tl], Lemma 20.9.) 
This action extends in the obvious way to an action of CI (Q) on A*T/F. In particular 
i {ciCn+i — 1) acts by sending v € W to Ci /\v — . Thus it maps to and ej to 
-\ej for i ^ i. 

This action gives rise to an isomorphism CI {Qf""'' ^ End (A'="'="VF) ® End {K°'^'^W) 
(see [H], p. 305). The induced actions of so [Q) on A'^^^VF resp. A°''-'^W are the positive 
resp. negative half-spinor representations. We will denote them by S*^ and . 

Thus Ei^i ~ En+i^n+i ^cts ou Ci-^ A . . -Aci^ by multiplication with 2^ if i g {ix, . . . , i^} 
and by multiplication with — | if i ^ {zi, . . . , ifc}. 

As a Cartan-algebra we choose the algebra of diagonal matrices 

diag {hi, . . . , /i„, ~hi, . . . , -/i„) . 
Let {Ai : i = 1, . . . , n} be a basis, where 

A-i — Ei^i Eji^iji^i. 
For the positive half-spinor representation (and any /) we have 




In particular, we have Tr [^S+ {A^)' j < for Z odd and Tr (^S+ (A,)' j > for I even. 
For the negative half-spinor representation we have 

1< A:<ml< A:<mA; odd ^^{ii^-'-r^fc} 

^E(rO('-f)'K"v')B)' 

k odd ^ ^ ^ ^ ^ / \ / 

In particular, we have Tr (^S' (^i)') < for I odd and Tr (^S^ (^i)') > for Z even. 

Since dim {SO (m — 1, 1) /SO {m)) ^ m — 1 ~ 2n — 1, with ILemma~3] and I := n, 
this implies nontriviality of the Borel class for odd-dimensional hyperbolic 
manifolds and the half-spinor representations. 

m=2n-l odd. Let V = C^"^^ with C-basis ei, . . . , e2n-i, and Q the quadratic form 
given by Q (e2„-i, e2„_i) = 1, Q (e^, e„+i) = Q (e„+i,ej = 1 and Q{ei,ej) = else. 
As in the case m even, we have so{Q) Cl{QY^^^ which maps Ei^i — En+i,n+i to 
i {eitn+i — 1) Let W be the C-subspace of V spanned by ei, . . . , e„, W the subspace 
spanned by e„+i, . . . , e2„. 
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It follows from the proof of [T3], Lemma 20.16., that CI (Q) acts on A*W as follows: 
the action of and Cn+i, for i = 1, . . . , n is defined as in the case n even, and e2„_i acts 
as multiplication by 1 on K™'^'^W and as multiplication by -1 on K°'^'^W . In particular, 
we have again that ^ {ciCn+i — 1) acts by sending to ^e^ and Cj to for j ^ i. 

This action gives rise to an isomorphism Cl{QY^'^^^ = End (AW) (see [14], p. 306). 
The induced action of so {Q) on AW is the spinor representation S. 

As a Cartan-algebra we choose the algebra of diagonal matrices 

diag (hi,..., ft„, -hi, . . . , -/i„, 0) . 
Let {Ai : i = 1, . . . , n} be a basis, where 

Ai acts on e^^ A . . . Ae^^. by multiplication with 2^ if z g {zj^, . . . , i;.} and by multiplication 
with — -I if i ^ {ii, . . . , ik}. Thus we have (for any /) 




In particular, we have Tr {AiYj < for / odd and Tr {AiYj > for Z even. 
3.2 Borel class of Lie algebra representations 

Let g be a semisimple Lie algebra and R ((;) its (real) representation ring, with addition 
© and multiplication (E). Let i be a Cartan subalgebra of g. 
In this section we consider, for n E N, the map 

62n-i : i? (5) ^ Z [t] 

given by 

62„-i(7r) {t)^Tr {7: (t)") . 

It is obvious that 

&2ri-l (tTi ® 7r2) = 62n-l (tTi) + 62n-l {'^2) 

holds for representations 7ri,7r2. Therefore 62n-i is uniquely determined by its values for 
irreducible representations. Moreover, 

&2«-l (tTi (g) 7r2) = 62n-l (tTi) 62n-l (7r2) 

for representations tti , 7r2 . 

Complex-linear representations. First we consider complex simple Lie algebras g 
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and the ring i?c (5) C R (5) of their C-hnear representations. 
g^sl (/ + 1,C). 

Let V = C'+^ be the standard representation, with basis ei, . . . , ej+i. Then 

Rc (g) ^Z[A,,...,Ai] 

with Ak the induced representation on A'^V, cf. |14) . In particular, irreducible represen- 
tations occur as representations of dominant weight in tnesor products of the fundamen- 
tal representations We compute 62n-i on the fundamental representations 
Afe,fc = 1,...,/. 

A basis of A'^V is given by 

{e,, A . . . A e.,, : 1 < ii < . . . < ife < / + 1} . 

As Cartan-subalgebra we may choose the diagonal matrices 

diag (/ii, . . . ,hi, with /ii + . . . + hi+i ~ 0. 

diag {hi, . . . ,hi, acts on e^j A . . . A e^^ by multiplication with hi-^ + . . . + hi,.. Hence 



62n-l [Ak 



/ hi ... \ 
h2 ... 

V ... / 



{h,, + ...+h.,r. 



I<ii<...<jfc</+1 



For n = 1, the sum is a multiple oi hi + . . . + hi^i = 0. For I = k = 1 and n odd, we have 
that bn (Ai) = hi + h2 is a multiple of hi + h2 ^ 0. In all other cases, i.e. for ^ > 2, n > 1 
or Z = fc = 1 , 71 even, the sum is not divisible by /ii + . . . + and thus not trivial. This is 
obvious for even n. In the case of odd n > 1 and Z > 2, it follows for example from the com- 

putation62„_i(Afe)dzag(2,-l,-l,0,...,0) - (2" - 1) ((^Ii)-(^Ii))^0- 

Thus, fundamental representations have nontrivial fo2ri-ii for all Z > 2, n > 1 or / = = 
1, n even. 

g = sp{l,C). 

Let V = C^' be the standard representation. Then 

Rc (g) ^Z[Bi,...,Bi] 

with Bk the induced representation on A'^V. We compute b2n-i on the fundamenta 
representations Bk, fc = 1, . . . , Z. 

' A B 



sp(Z,C) consists of matrices y (j ^ / ' ^^""^ ^^^^ ^'^^ ZxZ-blocks A,B,C,D satisfy 
B'^ = B,C'^ =C,A^ = D. As Cartan-subalgebra we may choose the diagonal matrices 

diag {hi, . . . ,hi,-hi, . . . ,-hi) . 
Let {ei, . . . , e/, /i, . . . , /;} be a basis of C^' for the standard representation. 
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A basis of A'^V is given by 

{cii A . . . A A A . . . A fj^_^ : < p < k,l < ii < . . . < ip < 1,1 < ji < . . . < jk-p < l} 

diag {hi, . . . ,hi, —hi, . . . , —hi) acts on e,^ A . . . Aej^ Afj^ A. . ■Afj^_^ by multiplication 
with /lii + . . . + hi. 



hjk-p- Hence 



E 



/ hi 


... 








\ 





/l2 ... 













... 


-hi 










... 





-h2 .. 




V ••• 








J 




{hn + 


■■. + h.p 


- hj^ - 





l<ii<...<ip<l,l<ji<...<jk-p<l 



If n is even, we clearly get a nonvanishing polynomial without cancellations. If n is 
odd, then the permutation, which transposes ir and jr simultaneously for all r, multiplies 
the sum by —1, but on the other hand preserves the sum. Thus 62n-i (-Bfe) = if n is odd. 

g = so (2; + l,C). 

Let V = C^'"*"^ be the standard representation. Then 

Rc{9)=Z[Ci,...,Ci-i,S] 

with Ck the induced representation on A'^V, and S the spin representation. 
As Cartan-subalgebra we may choose the diagonal matrices 

diag {hi,..., hi, -hi, -hi, 0) . 

Then the computation of 62ri-i on Ck is exactly the same as for sp{l,C), in particular 

^2n-i (Cfe) for n even and 62n-i {Ck) = for n odd. 

Moreover, we have computed in section 3.1 that 62^-1 {S) ^ for all n. 

g = so {21, C). 

Let V = C^' be the standard representation. Then 

Rc{g)=Z[Di,...,Di^2,S+,S-] 

with Dk the induced representation on A'^V, and the half-spinor representations. 
As Cartan-subalgebra we may choose the diagonal matrices 

diag {hi, hi, -hi, -hi) . 

Again the same computation as for sp{l,C) shows that 62n-i {Dk) ^ for n even and 
62n-i {Dk) = forn odd. Moreover, we have computed in section 3.1 that fo2n-i {S^) ¥^ 
for all n. 
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Exceptional Lie groups. 

We will see in the next section that we will only be interested in Lie groups which ad- 
mit a symmetric space of odd dimension. The only exceptional Lie group admitting an 
odd-dimensional symmetric space is Ei with dim {Ei/E^ (R)) = 163 = 2.82— 1. The fact 
that 163 = 3 mod 4, i.e. n = 82 even, implies automatically that p*bie3 ^ holds for 
each irreducible representation p. 

For completeness we also show, at least for a specific representation, that p*b2n-i 
holds for each n > 1. Namely, we consider the representation p : E-j GL {56,C), 
which has been constructed in [T], Corollary 8.2, and we are going to show that this 
representation satisfies p*b2n-i 7^ for each n > 1, in particular for n ~ 82. 

By [1], chapter 7/8, there is a monomorphism Spin (12) x SU (2) /Z2 — > Ej and 
the Cartan-subalgebra of the Lie algebra ej coincides with the Cartan-subalgebra t of 
spin (12)©su (2). According to [1], Corollary 8.2, the restriction of p to Spin (12) x SU (2) 
is (81 Ai © S"" (8) 1, where resp. Ai are the standard representations and S~ is the 
negative spinor representation. 

For even n, we know that p*b2n-i 7^ 0. If n is odd then, for the derivative tti of the 
standard representation Ai of SU (2) we have Tr (tti (/i)") — 0, whenever h ^ tO su{2) 
belongs to the Cartan-subalgebra of su (2) , because the latter are the diagonal 2x2- 
matrices of trace 0. Thus the first direct summand X\2 (8 Ai does not contribute to 
Tr (tt (ft.)"). Hence , for h ~ {hspin,hsu) G i C spin (12) ® su (2), we have Tr (tt (/i)") = 
Tr (S~ (hspin) ). But the nontriviality of the latter has already been shown in section 3.1. 

Noncomplex Lie algebras. Let tt : g ^ gl {N, C) be an R-linear representation of 
a simple Lie-algebra g which is not a complex Lie algebra. Then 17 ig) C is a simple com- 
plex Lie algebra and tt is the restriction of some C-linear representation g^C ^ gl {N, C). 
Let i be a Cartan subalgebra of g. Then it is obvious that an element t G t(E)C with 

Tr (7r(t)") 7^0 

exists if and only if such an element exists in t. Thus tt has nontrivial Borel class if and 
only if TT (g) C has nontrivial Borel class. Hence we can use the results for complex-linear 
representations . 

Real representations of complex Lie algebras. If g is a simple complex Lie al- 
gebra, then each R-linear representation tt : g — > gl {N, C) is of the form tt = tti (g) 7f2 for 
C-linear representations tti,tt2. We have 

Tr (^(i)")=Tr(7ri (t)") Tr (ttJ (t)") . 

In particular, real representations with nontrivial 62n-i can only exist if there are complex 
representations of nontrivial 62n-i- 

3.3 Conclusion 

In this section, we discuss, for which symmetric spaces G/ K (irreducible, of noncompact 
type, of dimension 2n — 1) and which representations p : G ^ GL (N, C) the inequality 
P*b2n-i 7^ holds. 
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Definition 3. We say that a Lie algebra representation n : g ^ gl {N,C) has nontrivial 
Borel class if b2n~i ("■) ^ 0, for b2n-i ■ R (<?) ^ [i] defined in section 3.2. 

Proposition 1. Let p : G GL{N,C) be a representation of a Lie group G, and 
TT : g gl (N, C) the associated Lie algebra representation n =^ D^p. Then p has nontrivial 
Borel class if and only if tt has nontrivial Borel class. 

Proof: This is precisely the statement of ILemma 31 QED 

We use the classification of symmetric spaces as it can be read off table 4 in [29] . Of 
course, we are only interested in symmetric spaces of odd dimension. A simple inspec- 
tion shows that all odd-dimensional irreducible symmetric spaces of noncompact type are 
given by the following list: 



SLi (M) /SOi,l = 0,3 mod 4, 

SL21 (H) /Spi,l = mod 2, 

Spiup^q/ [SpiUp X SpiUq) ,p,q= 1 mod 2, 

SLi {C) /SUi,l = mod2, 

SOi (C) /SOi,l = 2,3 mod 4, 

Spi (C) /Spi, I = 1 mod 2, 

E7 (C) /Er. 



First we note that for n even all representations satisfy p*b2n-i 7^ 0. This applies to 
locally symmetric spaces of dimension = 3 mod 4. In the above list this are the following 
symmetric spaces: 



SLi (M) /SOi,l = 0,7 mod 8, 
SL21 (H) /Spi,l = 2 m,od 4, 

SOp^ql {SOp X SOq) ,p,q = 1 mod 2,p^ q mod 4, 
SLi \C) /SUi,l = 0mod2, 
SOi {C)/SOi,l = 2mod 4, 
Spi (C) / Spi, I = 3 mod 4, 
E7 (C) /Er. 



We now analyze the irreducible locally symmetric spaces of dimension = 1 mod 4. 

For those locally symmetric spaces, whose corresponding Lie algebra g is not a com- 
plex Lie algebra (this concerns the first 3 cases), we can, as observed at the end of section 
3.2, directly apply the results for the complexifications. Thus we get : 

- for SLi (M) /SOi,l = 3,4 mod 8, every fundamental representation yields a nontriv- 
ial element, 

- for SL21 (H) / Spi,l = mod 4, every fundamental representation yields a nontrivial 
element, 

- for Spiup^ql {SpiUp x SpiUq) ,p,q = 1 mod 2,p = q mod 4, the positive and negative 
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half-spinor representations are the only fundamental representations yielding nontrivial 
elements. 



For those locally symmetric spaces whose corresponding Lie algebra g is a complex Lie 
algebra, we use the fact that each real representation is of the form pi (S) P2. We get: 

- for SOi (C) /SOi,l = 3 mod 4, the spinor representation and its conjugate are the 
only fundamental representations yielding nontrivial elements, 

- for Spi (C) /Spi, I = 1 mod 4, no fundamental representation yields nontrivial elements. 

Example (Goncharov): Hyperbolic space H" is the symmetric space 

H" = Spiunsl [Spiun X Spini) . 

Let n be odd. It was shown in [15] that the positive and negative half-spinor representa- 
tion have nontrivial Borel class. The question was raised p. 587) whether these are 
the only fundamental representations of Spinn^i with this property. As a special case of 
the above results we see that for n = 3 mod 4 each irreducible representation has nontriv- 
ial Borel class, but for n = 1 mod 4 the positive and half-negative spinor representation 
are the only fundamental representations with this property. 

On the other hand, if n = 3, then the invariants coming from different irreducible rep- 
resentations, albeit distinct and nontrivial, all are rational multiples of each other. This 
will follow from the computation in Section 3.4. 

3.4 Some clues on computation 

So far we have only discussed how to decide whether p*b2n-i 7^ 0, which is in view of 
ILemma"3l easier than computing p*b2n-i- The aim of this subsection is only to give some 
clues to the computation of p*b2n-i- Its results are not needed throughout the paper, 
except for the explicit values of the Borel regulator in section 5. 



For each Lie-algebra-cocycle P G C" we denote by wp G fJ" (G„/i^) the 

corresponding G„-invariant differential form. Then we have the following obvious obser- 
vation, ([wp] denotes the cohomology class of wp, and [Gu/K\' e i?" (G^/i^, K) denotes 
the dual of the fundamental class [Gu/ K]. The Riemannian metric is given by —B, that 
is the negative of the Killing form.) 

Lemma 4. ; Let Xi, . . . , Xn be an orthonormal basis for ip with respect to -B. Then, for 



Corollary 5. ; [cjp] 7^ iff P{Xi, . . . ,Xn) 7^ for some (hence any) basis of ip. 

We will apply this to the Borel class 62™- 1 e iJ^n-i [N) ® u (N) , u (N)) which is 
given by the Lie-algebra-cocycle 




each P £ ig , fc ) , we have 




[lop] = [GJKY vol (GJK) P (Xi, . . . , X„) . 



2n-l) 



1 1 



{-^V Tr (Xc,(^l) [Xc,(2),Xo.(3)] ... [X„(^2n-2),Xc,(2n-l)]) ■ 



{2Tnf (2n- 1)! 
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Example: Hyperbolic 3-manifolds. 

Let G = SL {2,C)- Then 

ip = {a e Mat (2, C) ■.Tr{A) = 0,A = A'^Y 
An ON-basis of ip (with respect to the KiUing form) is given by -^^H, -^^X, 2^2 ^'^^^ 



H 



i 
-i 



i 

1 



-1 

1 



We have 

[H, X] = -2Y, [H, Y] = -2X, [X, Y] = 2H. 

Thus, for each representation p : SI (2, C) GL {m + 1, C) with associated Lie algebra 
representation 11 : si (2, C) Mat (m + 1, C) we have 

1 1 



p*b3{H,X,Y) = 



{2my 6 



{2Tr {UH [UX, UY]) + 2Tr (UX [HF, UH]) + 2Tr {UY [UH, UX])} 



By the classification of irreducible representations of sZ(2,C), each m + 1-dimensional 
irreducible representation is equivalent to tt^ given by 
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Therefore, the diagonal entries of iTm {H)^ are 








(-m^- 


(m-2)',...,0,...,- 


- (to - 2f 


—rr? 


)' 


and the diagonal entries of tt^ 


{Xf rCSp. TTm {Yf 


arc both c 


qual to 


(— m, — m 




2(to- 1),-2(to- 


1) - 3 (to - 


-2),. 


..). 
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In particular, Tr ^tt^ = Tr ^7r„i {Y)j and we conclude 

p* 63 i-^H, -^X, -^Y] = ^— Tr ( (iTrnHf) ( (n,nXf) 

'^"^ V2V2 2V2 2V2 J 96^2^2 V 'J 48^2^2 V >) 

= ^ V (m - 2fc)^ H ^ V fc (m - A: + 1) + (fc + 1) (m - A:) . 

If m = 1, we get 

One should note that the hyperbolic metric is given by a half of the negative 

of the Killing form. Thus an orthonormal basis of p = TfelH"^ with respect to the 
hyperbolic metric is given by { — — — ^F}. It follows that the Borel regulator is 
times the hyperbolic volume. 

(There seem to be different normalizations of the Borel regulator in the literature. [11] 
computes the Borel regulator to be times the hyperbolic volume, while [5H] defines 
the imaginary part of the Borel regulator to be times the hyperbolic volume.) 

In [15] it was stated that the half-spinor representations seem to be the only funda- 
mental representations of Spin (d, 1) that yield nontrivial invariants of odd-dimensional 
hyperbolic manifolds. This is however not the case. Indeed, if c? = dim (M) = 3 mod 4, 
then each irreducible representation of Spin (d, 1) yields nontrivial invariants. (But, as 
the computation above shows, the invariants of hyperbolic 3-manifolds for different rep- 
resentations all yield rationally dependent values of the Borel regulator. It would be 
interesting to know in general whether the invariants of a given d-dimensional locally 
symmetric space for different representations do or do not yield Q-dependent elements of 
Kd (Q) <^ Q.) 

Example: SL (3, M) /SO (3). 

Let p : SL (3,M) GL (3,C) be the inclusion. Since SL (3,]R) /SO (3) is 5-dimensional, 
we wish to compute p*b5. 
Let 

/ i \ / i \ /0-10\ 

i7i= ,Xi= i ,Yi= 1 . 

yooo/ \oooy \oooy 

We will use the convention that, for A £ {H,X,Y} if Ai is defined (in a given basis), 
then A2 is obtained via the base change ei — ^ 62, 62 — >■ 63, 63 — > ei and A3 is obtained via 
the base change ei — 63, 63 — ^ 62, 62 — >■ ei. 

We have [Hi,H2] = 0, [H^X^] = 2Yi, [Hi, X2] = -Y2, X3] = -Y3, [Xi, X2] = tY^ 
and more relations are obtained out of these ones by base changes. 

A basis of ip is given by Hi, H2, Xi, X2, X3. The formula for p* bs {Hi, H2, Xi, X2, X3) 
contains 120 summands. (24 of them contain [Hi,H2] = or [H2,Hi] = 0.) 
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Each summand appears four times because, for example, Hi [H2,Xi\ [^2,^3] also 
shows up as -Hi [Xi,H2] [X^, X3] , -H^ [H^, X^] [X3, X2] and H^ [Xi, iJa] [^3, ^2]- Thus 
one has to add 30 summands (6 of them zero), and multiply their sum by 4. 

We note that all summands of the form Hi [H2, ■] [., .] give after base change corre- 
sponding elements of the form H2 [Hi, .] [., .], which are summed with the opposite sign. 
Thus these terms cancel each other. The same cancellation occurs between summands 
of the form X2 [., .] [., .] and X^ [., .] [., .]. Thus we only have to sum up summands of the 
form Xi [., .] [., .] and we get 

(27rz)'5!p*65 (Hi, H2, Xi, X2, X;,) = 

ATr {Xi [Hi,H2] X3]) + 4Tr (Xi X3] i?2]) + 

+ATr {Xi [Hi,X2] [X3,H2]) + ATr {Xi [X3, H2] [i/i, X2]) + 

+4Tr [Xi [Hi, X3] [H2,X2]) + ATr {Xi [i/2, ^2] [i^i, 

= + + 4Tr {XiY2Y-i) + ATr {XiYiY2) + ATr {-2XiY:iY2) + ATr {-2XiY2Y^) 

= + + 4i + 4?: - 8i - 8i = -8i. 

We note that Hi, H2, Xi, X2, X3 are pairwise orthogonal and have norm 2^/3. Dividing 
each of them by 2\/3 gives an ON-basis, on which evaluation of p*65 gives 

i^''" Ws""" ^""'^ ^""0 = ^'^'^ ^ 34560 V37r3- 

4 The cusped case 
4.1 Preparations 

Let G be a connected, semisimple Lie group with maximal compact subgroup K. Thus 
G/K is a symmetric space of noncompact type. In this section we will assume that G/K 
is a symmetric space of rank one. 
Let 

p:G^GL{N, C) 

be a representation. We assume that p maps K to U (N), which can be achieved upon 
conjugation. We note that connected, semisimple Lie groups are perfect, hence p has 
image in SL {N, C) and maps K to SU (N). 

Negative curvature and visibility manifolds 

If M = T\G/K is a locally symmetric space of rank one, then its sectional curvature 
sec is bounded between two negative constants, after scaling with a constant factor one 
has 

-4 < sec < -1. 

In particular, by [12], page 440, the universal covering M is a 'visibility manifold' in the 
sense of PJj. By [12], Theorem 3.1, this implies that each end of int{M) — M — dM 
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has a neighborhood E homeomorphic to Uc/Pc, where c S dooint{M), Uc is a horoball 
centered at c and Pc C F is a discrete group of parabohc isometries fixing c. 

TTi-injective boundary 

In the proof of [Proposition 2| and [Theorem 31 we will use that TiidiM — )• ttiAI is 
injective for each path-component diM of dM . We are going to explain how this fact 
follows from well-known properties of negatively curved manifolds. 

Observation 1. ; Let M be a compact manifold with boundary dM. If int (M) admits a 
Riemannian metric of finite volume such that the universal covering M with the pull-back 
metric is a visibility manifold of nonpositive sectional curvature, then nidiM — )■ ttiM is 
injective for each path- component diM of dM. 

Proof: M — M /T for a group of isometries F C Isom (^M^ with F ~ ttiM. 

By the proof of [12], Theorem 3.1, we have that each end of M is of the form N x (0, oo) 
and that N x {0} = Ld Pc for a simply connected horosphere and a subgroup Pc C F 
that acts freely and properly discontinuously on Lc- 

In particular, the boundary component diM that corresponds to this end is homeo- 
morphic to N and its fundamental group is isomorphic to Pc. We have N = Lc C^M, 
which implies that TTiiV — > ttiM is injective because, by covering theory, TV resp. M are 
the set of homotopy classes (rel. {0, 1}) of paths 7 : [0, 1] — resp. M with 7 (0) = xq, 
for a fixed point G C M. QED 

Moreover M and all diM are aspherical by the Cartan-Hadamard Theorem resp. by 

Relative classifying spaces. 

First, we briefly discuss the approach via relative classifying spaces, which works 
exactly as in [9] . Let M be a compact d-manifold with boundary such that int {M) — 
M — dM admits a locally symmetric Riemannian metric of finite volume. Let M+ be the 
quotient space obtained by identifying points in respectively each boundary component. 
In particular Hd {M+) has a fundamental class. 

(Remark: In M^ is the one-point compactification. This is not homeomorphic to 
our M_|_, but has the same homology in degrees > 2.) 

Let P C G and B C SL{N;C) be maximal unipotent subgroups, such that p : 
{G,K) {SL{N,C) ,SU{N)) sends P to B. To a rank one locally symmetric space 
T\G/K of finite volume and dimension n, we can consider G/KUC, where G denotes the 
set of parabolic fixed points in dooG/K and get as in [9], section 3, an (up to F-equivariant 
homotopy unique) F-equivariant map 

G/KUG ^ E{G,T{P)). 

The quotient of G/K(JG by F is homeomorphic to A/+. In particular, Hd (F\ {G/K U C)) 
has a fundamental class, and we get as in [9] an element 

a{M)^Hd{B (G,^(P))), 



27 



which by the representation p is pushed forward to an element 

(a (A/)) e Hd [B {SL {N, C) , J" (B))) . 

In the case of hyperbohc 3-manifolds, Cisneros-Mohna and Jones ([5^) hfted this in- 
variant to K (C) Q, and proved its nontriviahty by relating it to the Bloch invariant. 
We describe here how to do a very similar construction for arbitrary locally symmetric 
spaces. (Unfortunately we did not succeed to compute the Borel regulator of this invari- 
ant. This is the reason why we will actually pursue another approach, using relative group 
homology and closer in spirit to |15j , in the remainder of this section. The construction 
is however included at this point because its main step, Lemma 4, will be crucial for the 
proof of Proposition 2.) 



Generalized Cisneros-Molina-Jones construction 



Let M be an aspherical d-manifold with aspherical boundary, F C C a subring and 
p : TTiM — > SL{¥) a representatioifl. To push forward the fundamental class [M+] g 
Hd (M+; Q) one would like to have a map R : Af+ — > BSL {¥)~^ such that the following 
diagram commutes up to homotopy: 



Bp 



■ M4 

R 



BSL (F) BSL {Wy 



If this is the case, then one can use Q* : Ha {^BSL {Wy ; Qj ^ Ha (BSL (F) ; Q) (the 

inverse of Quillen's isomorphism) to define G Hd {BSL {¥) ;<Q) (and thus in 

the setting of Section 2.4 obtain an element in Kd (F) (g) Q). 

Lemma 5. Let M be a manifold with boundary such that M and the path- components 
9iAf , . . . ,dsM of dM are aspherical. Let F C C a subring and p : ttiAT — > SL {N, F) be 
a representation such that pijridiM) is unipotent for i = l,...,s. Then there exists a 
continuous map R : A/-|_ — )• BSL {N, F)^ such that R o q = incl o Bp. 

Proof: Let F be the homotopy fiber of BSL{N,¥) BSL{N,¥)^. It is well- 
known (e.g. [3, p. 336) that ttiF is isomorphic to the Steinberg group St{N;¥). Let 
$ : St {N, F) — )■ SL {N, F) be the canonical homomorphism. 

By assumption, p maps nidiM into some maximal unipotent subgroup B C SL (n, F) 
of parabolic elements. B is conjugate to Bq, the group of upper triangular matrices 
with all diagonal entries equal to 1. By 1301 . Lemma 4.2.3, there exists a homomorphism 
H : Bq ^ St {N, F) with $11 = id. Applying conjugations and composing with p, we get 
a homomorphism t : iTidiM — >■ St (TV; F) such that <I>t — p |,riaiM- 

diM is aspherical, hence r is induced by some continuous mapping go : 9iAf — > F, 
and the diagram 

''Notation: We will denote by F C C an arbitrary subring, while A C C will denote a subring satisfying 
the assumptions of lLemma 21 
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diM- 



M 



F- 



BSL (I 



commutes up to some homotopy Ht. 

This construction can be repeated for all connected components diM, . . . ,dsM of dM. 
For each r — 1, . . . , s we get a continuous map gr : drM — > F such that jgr ^ (Bp) ir- 
Altogether, we get a continuous map g : dM — >■ F such that jg is homotopic to {Bp) i. 

By [9], Lemma 8.1. this implies the existence of the desired map R. QED 

Hence one obtains an element Q^R* [^+\ € Hd {BSL {¥) ; Q). Unfortunately we did 
not succeed to prove its nontriviality, i.e. to evaluate the Borel regulator. Therefore we 
will in the remainder of this section pursue a different approach, closer in spirit to |15| , 
but surrounding the problem that dM may be disconnected. We mention that another 
"basis-point independent" approach might use multicomplexes in the sense of Gromov, 
but also here we were not able to compute the Borel regulator in the case that there 
are 3 or more boundary components. Also, in the case of hyperbolic 3-manifolds, yet 
another approach is due to Neumann- Yang [55]. It should be interesting to generalize 
and compare the different constructions. 

For hyperbolic 3-manifolds of finite volume, Zickert has given in [3T] a direct construc- 
tion of a fundamental class [AI,dM] € {SL {2,C) , Bq), even in the case of possibly 
disconnected boundary. 



4.2 Cuspidal completion 

We start with a notational remark. Let X be a topological space and Ai, . . . ,As C X a. 
set of (not necessarily disjoint) subspaces. There is a (not necessarily injective) continuous 
mapping 

i : AiO . ..OAs X 

from the disjoint union AiU . . . (jAg to X. 
We define the disjoint cone 

DCone (U ^ X) 

to be the pushout of the diagram 

AiO . . . OAs ^ X 



Cone {Ai)0 . . . OCone {As) ^ DCone {(JUiA, -> X) 

If X is a CW-complex and Ai, . . . ,As are disjoint sub-CW-complexes, then clearly 
H., {DCone (U^^i^i ^ X)) ^ {Cone {U^^^Ai X)) = H., (X,Uf^i^i) 
in degrees * > 2. 
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A special case is that of a compact manifold M with disconnected boundary 9M, con- 
sisting of path-components dxM(j . . . UdgM. Then DCone {^f^idiM — > M) is the space 
M_|_ from the Cisneros-Molina- Jones construction. (In this case, the union of components 
is a disjoint union. Nonetheless DCone is different from Cone.) 

Another special case is the cuspidal completion of a classifiying space, whose geometry 
will be described in this section. The point of the construction is that it may remember 
the geometry of the cusps of locally symmetric spaces. Thus it serves as a technical device 
to handle the cusped case. 

Construction of BG^^^P; 

We recall from the beginning of section 2.2 that BG is the simplicial complex realizing 
the bar construction. Thus its n-simplices are of the form (1, gi, . . . , gn) with gi, . . . , f/„ S 
G. 

Definition 4. Let G/K be a symmetric space of noncompact type. We define the cuspidal 
completion BC^"^^^ of BG to be the pushout of the following diagram: 

^c&a^G/KBG ^ BG 

O^^O^G/KCone (BG) ^ 5^"=°™" 

In other words, BG'^"™'^ is the mapping con^ 

Cone (u,ga^G/A'SG ^ BG) , 
but with the union (J^^q^q/^BG to be understood as a disjoint union. 

Notation: The cone point of Cone [BG] corresponding to c G dooG/K will also be de- 
noted c. 

For the remainder of this section we assume some x G G/K to be fixed. 

A simplexwise Riemannian metric on Int {BG'^°™p) := bG''"™^ — {cone points} 
is defined by identifying a k-simplex 

(l,5i,...,(7fc)eSG 

isometrically with the straight simplex 

str (i, gix, . . . , gi . . . gkx) C G/K 

*The mapping cone is a simplicial complex in the natural way: k-simplices of BG'^°"^P are 

- either k-simplices in the target BG, 

- or cones (with cone point c € daoG/ K) over k-l-simplices in BG. 

More generally, if X is a simplicial complex and A\,...,As are simplicial subcomplexes, then 
DCone ^U?_jAi — > X) is a simplicial complex whose k-simplices are either k-simplices in X or cones 
over k-l-simpliccs in some A;. 
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resp. identifying 



(l,Pi, . . . ,Pfc_i,c) e Cone {BG) 



isometrically with the straight ideal simplex 

str . . . ,pi ...pk-ix,c) C G/K. 

This is compatible with the boundary operator defined in section 2.2: 

indeed 9o (1, gi, • • • , 5fc) = (1, 52, • • • , 5fc) corresponds to str {x, g2X, g2 ■■■ gkx) which 
is isometric to str {gix, gig2X, . . . ,gi . . . gkx), and, for i > 1, 9^ (1, gi, . . . , gk) corresponds 

to str (S:,...,gi. ..gtx, ... ,51 . ■ ■ gkX^ - Similarly for . . . ,pk-i,c). 

Thus we obtain a well-defined simplex-wise Riemannian metric on the push-out. In 
particular, we have a simplex-wise local isometry 

p:Int {BG^^'^'P) ^ G/K. 

The local isometry p defines a volume form p*dvol on Int (BG'^"™^). (Recall that a 
differential form on a simplicial complex consists of a smooth form lu^ on every simpex 
a such that lo^ \r— lOt whenever r C cr is a subsimplex.) By Thom's analogue of the 
deRham Theorem one has H^j^ (BG'™™p) = H^^^^^ (BG"=°™p j, where H*^^ is the coho- 
mology of the complex of differential forms. The isomorphism is given by integration 
of differential forms over simplices. In particular, p*dvol gives a simplicial cohomology 
class Vd G H'^imp (i?G"^°™P) represented by the cocycle A — > J^p*dvol. (This is defined 
because ideal d-simplices in a d-dimensional symmetric space G/K of noncompact type 
have finite volume, see e.g. |24] . which provides even a uniform bound.) 
By construction, Vd \bg— Vd- 

Recall that in section 2.3 we defined, for d = 2n— 1 odd, the Borel class bd G {GL (C) ; IR) 
which, of course, can also be considered as a class bd G H"^ {BSL (N, C) ; R). 

Lemma 6. Let d,NGN with d odd. 

There exists a simplicial complex BSL {N ,Cy^ with 

BSL {N, C) c BSL {N, C)^'' c BSL {N, 0)"=°"^ 
and a homomorphism 

bd : C^™^ [bSL {N, C)^' ; r) ^ R, 

such that 

i) bd \c"^''(BSL(N cym.) ^ cocycle representing bd, 

ii) if G/K is an n-dimensional symmetric space of noncompact type and p : G ^ 
SL {N, C) a representation, then 

p (C'/"'' (BG"°™P; R)) c G^"""" (bSL {N, C^^ ; r) 

and p*bd represents CpVd. (In particular, bd is well-defined on (p)^ Hd (i?G"^°'"P; R).^ 
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Proof: By the van Est Theorem (section 2.3) there is an isomorphism / : {SL {N, C)) 
H''' {si {N, C) , su (AT)) , where H* (si (N, C) , su (N)) is the cohomology of the complex of 
S'L (iV, C)-invariant differential forms on SL{N,C) / SU (N). Let dbol be a differential 
form representing I{bd)- This means that a representative j3d of bd is given by 



gi,...,gd) := / 

^ Si 



dbol 

str{x,gix,...,gi...gdx) 

for each simplex (1, 51, . . . , Qd) € BSL {N, C). 

Since the van Est isomorphism is functorial, and p*bd = CpVd, we have that p*dbol — 
Cpdvol is an exact differential form. Moreover, p*dbol and dvol are G-invariant differential 
forms on G/K. Hence they are harmonic and p*dbol — Cpdvol is an exact harmonic form, 
thus zero and we conclude 

p*dbol = Cpdvol. 

Define 

BSL {N, Cyj' := BSL {N, C)^ U 
U l{l,pi,...,pd-i,c) €Cone{BSL{N,C)) : f p*dbol< ooi. 

cedooSL{N,C)/SU{N) { i(l,pi,...,Pd_i,c) J 

(Recall that f,, ,p*dbol= f . . . .dbol.) 

V J(l,pi,...,pd-i,c)^ Jstr(x,pix,...,pi...pd-ix,c) 1 

This defines the d-simplices of BSL {N, C)^*" and we define BSL {N, C)^*" to be the 
simplicial complex generated by BSL {N, C)^*" under face maps. 

Define h : BSL {N, C)f ^ R by 

bd (c) / P*dbol. 

J cr 

By construction, bd lc""''(ssL(Af c) R) ^ cocyle representing bd- 

To prove b), let z € C^*"^ (BG"'""P;R). Since p*dbol = Cpdvol, we have 



/ dbol = Cp dvol. 

J p{z) J z 



In particular p (g^™*" (BG^°'"f ; M)) C G^'™^ (sS'L (A^, C)-^^ r) and p*bd represents 
CpVd- QED 



4.3 Construction of 7 (M) 

For a manifold M, with 7ri-injective boundary dM consisting of path-components diM, . . . , dgM, 
let Fj := TTi {diM, Xi) ioi i = 1, . . . ,s and some Xi € diM, and fix (using some path from 
xq to Xi) isomorphisms of Fj with subgroups of F= tti (M, xq), for i = 1, . . . , s. 

Moreover, if M and all i9iM are aspherical, then the classifying map induces an iso- 
morphism {DCone {Uf^j^diM M)) {DCone {Uf^j^BTi BY)). 
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Proposition 2. Let M be a compact, oriented manifold with boundary components 
diM^ . . . ,dsM such that Int{M) = T\G/K is a finite-volume locally symmetric space 
of noncompact type. Assume that, for some subring F C C, we have an inclusion 

j:(r,r,)^(G(F),r,) 

o/r = TTiM, Ti = TTid^M C TTiM. Let 

p:G{¥)^SL (iV,F) 

he a representation, such that T[ :~ p {Ti) is unipotent for i = 1, . . . , s. 
Denote 

[M, dM] e Hd {DC one {Uf^id.M M) ■,Q) = Hd (DC one [Ut^iBTi BT) ; Q) 
the fundamental class of M . Then 

{Bp)^jd [M, dM] e Hd [DCone (UUBT'^ ^ BSL {¥)) ; Q) 

has a preimage 

jiM)eHd{BSL (F);Q). 

Proof: First we notice tliat it suffices to prove that {Bp)^_^jii_i \diM\ = S 
Hd-i [BTi] Q) for i = 1, . . . , s. Indeed, if z is a reiative cycle tliat represents [M, dM], 
and for i = \, . . . , s we liave cliains Zi g Cd {BTi) 

dzi = {Bp)^_^jd-i {dz Iq^m) , 

then 

s 

{Bp)JdZ-Y.z,€Cd{BSL {¥)) 

2=1 

is a cycle, whose image in Cd {DCone (Uf^^SFi — > BSL {¥))) again represents {Bp)^jd [M, 
Thus {Bp)^jdZ — X]i=i represents the desired 7 (M). 

To prove {Bp)^_^jd-i [d^M] = 0, let / : dM ^ M be the inclusion, g : M ^ M+ 
the projection. Thus gf is constant on each boundary component and the induced map 
{gf)^ in homology is trivial. Since p (Ti) is unipotent, we can applv [Lemma 51 and obtain 
a continuous map 

R : M+ BSL+ (F) 

such that 

Ro g o f — incl o Bp o /. 

Since inch : Hd {BSL {¥) ; Q) ^ iJ^ (^BSL (F)+ ; is an isomorphism and {gf)^ = 0, 
this implies 

{Bp)^ f, = 0, 

in particular 

{Bp)^_Jd-i [^^M] = e Hd-i (Sr,;Q) 
for i = l,...,s. QED 

Remark: For the special case of hyperbolic manifolds and lialf-spinor representations. 
Proposition 2 was proved in [15 , Theorem 2.12. The proof in jl5j uses very special 
properties of the half-spinor representations and seems not to generalize to other repre- 
sentations. 
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4.4 Straightening of interior and ideal simplices 

Definition 5. For a manifold M with boundary components diM, . . . ,dsM, we denote 

a (M) ~ a {DCone {Uf^AM ^ M)) . 

A vertex in DCone {Uf^idiM — )■ M) is an ideal vertex, if it is in one of the cone points, 
and an interior vertex else. For fixed xq € M , Xi € diM , and a fixed identification of 
TTi (diM,Xi) with a subgroup of tti {M,xo), let 

d'^" (Af) C (M) 

be the subcomplex freely generated by those simplices for which 

- either all vertices are in xo, 

- or the last vertex is an ideal vertex, corresponding to some boundary component diM , 
all other vertices are in xq, and the homotopy classes of all edges between interior vertices 
belong to the image of tti {diM,Xi) in tti (Af, xq). 

Remark : // the universal cover int (Af ) is a visibility manifold (JJ^) of nonpositive 
sectional curvature and int {M) has finite volume, then each end of int (M) = M — dM 

has a neighborhood E homeomorphic to Uc/Pc, where c £ dooint (M), Uc is a horoball 
centered at c and Pc d T is a discrete group of parabolic isometrics fixing c. (See ^Wj, 
Theorem 3.1.) 

In particular, since each boundary component diM corresponds to an end Ei of int (M), 
we conclude that each boundary component diM corresponds to a unique T- orbit Fcj with 
Cj S dooM, and that Ei U {rci} is homeomorphic to Cone (diM). 

Since int (M) — Uf^iEi is homeomorphic to M , this means that we have a projection 

TT : i^^MM) IJ U^er ^Ui {iCi} DCone {Uf^j^diM M) 

with TT {int{M) -\Jl^j:Uc}j = int{M) - Uf^^^Ei and n {-fVc^ = Cone{d^M) for all 

7 g r and i — \, . . . , s. 

A simplex in DCone {Uf^idiAI — )■ M) is said to be straight if some (hence any) lift to 
M U docM is straight. 

Definition 6. Let M be a manifold with boundary dM such that int (M) is a visibility 
manifold. Let xq G M. Then we define 

|cr e C^" {M):a straight^ 

to be the subcomplex generated by the straight simplices. 

Recall that DCone (Uf^j^SFi — > BY) is a simplicial complex as defined in the footnote 
in section 4.2. 

Lemma 7. Let M be a manifold with boundary dM with a Riemannian metric such that 
int (M) is a visibility manifold of nonpositive curvature. Let xq G M, T :~ tti (M,xo) 
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and Ti :— tti (9jAf, Xj) for the boundary components diM of dM and some Xi G diM . 
Fix (using some path from xq to Xi) isomorphisms ofT^ with subgroups ofT. Then there 
is an isomorphism of chain complexes 

Qstr,xo (^j) ^ (jsimp (^jjCone {UUiBT, BY)) . 

Proof: int (M) is a simply connected manifold of nonpositive curvature. Hence a 
straight (possibly ideal) simplex is uniquely determined by its ordered set of vertices. 
Since each straight simplex in M can be lifted to a straight simplex in M, this implies: 

- each interior simplex a € (j^^^^^o ^^-j jg uniquely determined by the homotopy classes 
of the k edges jj between its vertices a (vj-i) and a {vj) ior j = 1, . . . , k. That is, the 
interior simplices generate a subcomplex in Ct*^'^° (M) that is isomorphic, as a chain 
complex, to C^™^ (BY). The bijection $i is given by 

(l,7i,---,7fc), 

where 7^ G F vri {M,xo) is the homotopy class of the edge from a (vj-i) to a (vj), for 
j = 1, . . . , fc. It is easy to check that the bijection $1 is a chain map. 

- each ideal simplex a £ (j^^^'^o ^j^j-^ uniquely determined by the choice of a boundary 
component diM (which corresponds to the F-orbit Tci of a parabolic fixed point Ci) and 
by the homotopy classes of interior edges from a {vj-i) to a (vj) for j = 1, . . . , fc — 1. 
By definition, the interior edges belong to F^. Thus, for i ~ l,...,s, ideal simplices 
with ideal vertex at Tci generate a subcomplex in Cf^'^° (M) that is isomorphic to 
Cf {Cone {BTi)) C Cf {Cone {BT, BT)). The bijection $2 is given by 

(T (1,71, . . . ,7fc_l,Ci) , 

where 7j G F^ C F = tti (Af, xq) is the homotopy class of the edge from a (f j-i) to a (vj), 
for j = 1, . . . , A; — 1. It is easy to check that the bijection $2 is a chain map. 

The two chain isomorphisms $1 and $2 are compatible: if a is an ideal k-simplex, 
then dk(J is an interior simplex and we have by construction: 

$1 {dkCj) = dk^2 {ct) . 

Thus $1 and $2 define a chain isomorphism 

$ : (M) = Cf""P {DCone (Uf^iBF,; ^ BY)) . 

QED 

4.5 Evaluation of Borel regulator 

Theorem 3. a) Let M be a compact, oriented 2n~ 1-manifold with boundary components 
diM, . . . ,dsM such that Int (M) is a finite-volume rank- one locally symmetric space of 
noncompact type: Int (Af) = T\C / K . Let p : G GL {N, C) be a representation and let 
Cp be defined bu I Theorem ^[ Let 

7(Af) G H2n-i {BSL (Q) ,Q) 
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be defined by \Proposition ^| let 7 (M) be the image ofj (M) in H2n-i [BGL (Qj , Qj and 
define 

7 (M) := pr2n-i {1 (M)) G Pi/2„-i (SGi (Q) , Q) ^ i^2«-i (Q) ® Q, 
where pr2n-i is defined in \Corollary S\ Then 

< fo2«-i,7(Af) >=CpVol{M). 

b) If A C C satisfies the assumption of \Lemma ^1 and we have an inclusion j : F — > G (A), 
and if 

7 (M) := pr2„_i (f (Af)) G PH2n-i [BGL (A) ,Q) = /^2„-i {A) ® Q, 

where j{M) is the image ofj{M) G -ff2n-i (-SS'L (A) , Q) (defined by \Proposition m 
H2n-i (BGL (A) ,Q), and pr2n-i is given bv lLemma S[ then 

< b2n^l:l{M) >=CpV0l{M). 

Proof: Denote d — 2n — 1. 

G is a linear semisimple Lie group without compact factors, not locally isomorphic 
to SL (2,R). By Weil rigidity we can assume (upon conjugation) that F C G (Q). For 
a semisimple Lie group G, each representation p : G —?' GL {N, C) is isomorphic to a 
representation which maps G (A) to SL {N, A) . (This can be read off the classification of 
representations of semisimple Lie groups, see [14].) By [Corollary 2 A = Q satisfies the 
assumptions of ILemma 21 Thus a) is a consequence of b). We are going to prove b). 

Let 



n 
=1 



E 

be some triangulation of {M,dM). Let 

be the cone over the induced triangulations of diM, . . . ,dsM, with one cone point for 
each path-component of dM. Thus 

r p 

E^^ + E^j" 

is a triangulation of DCone {Uf^idiM M). 

Let TT : G/ K = M ^ M he the covering map. Fix a point a;o G M, an identification 
F = TTi (M, xq), and a lift xq G M of xq G M. 

There is a homeomorphism 

DCone [Ul^AM -> M) = T\G/K U {Gi, . . . , GJ , 
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where Ci, . . . , are points ("cusp points") corresponding to the path-components diM, . . . ,dsM 
of dM. For Z = 1, . . . , s fix some xi G diM. Fix (using some path from Xq to a;;) isomor- 
phisms of TTi {diM, xi) with subgroups F; C tti {M, xq)- 

Si=i '''i + Sj=i is (ideal) triangulation of T\G/K U {Ci, . . . , Cs}, therefore 

r p 

vol (M) = vol {T\G/K) = vol (t^ + ^ vol (k^) , 

where volume is computed by integration of the volume form (and defining the volume of 
{Ci, . . . , Cs} to be zero). 

We homotope the cycle X]i=i + Sj=i '^i i'^to a cycle X][=i '''i ''^j such that all 

interior vertices are homotoped into xq, all ideal vertices remain fixed during the homo- 
topy, and all edges between interior vertices of k'^ are homotoped into loops representing 

elements of F^. That is r{ , . . . , r^, <, . . . , € Cf« (M). 

G/K has negative sectional curvature. In particular it is a visibility manifold and we 
have the subcomplex Cf^'^° (M) C (M) as defined bv lDcfinition 61 

By [12], Theorem 3.1, some neighborhood of C/, for I £ {1, . . . , s}, is homcomorphic 
to UcJPcn where c/ € d^oG/K, Uci is a horoball centered at q and Pc, C F is a discrete 
group of parabolic isometrics fixing c/. In particular, each ideal simplex with an ideal 
vertex at C; lifts to an ideal simplex in G/K U dooG/K with an ideal vertex at q. 

Literally the same proof as for [2J, Lemma C.4.3 (where the case of hyperbolic mani- 
folds is considered) shows that the cycle X]i=i '^i^TTj=i '^'j is homotopic (rel. vertices) to a 
cycle X][=i str {t[) + I]^=i ^tr (k^) , such that str {t[) , . . . , str (r^) , str (k'J ,...,str (k^) 
are straight simphces. 

By the homotopy axiom, both homotopies do not change the homology class. By 
Stokes Theorem we have 

r p 

vol (M) ^^vol {str {t-)) + ^voI {str (k^)) . 
i=i j=i 

By section 4.2, we have a simplex- wise defined map 

p : BG''°"'P ^ G/K U d^G/K, 

whose restriction to — {cone points} is a local isometry. 

Let dvol € fi"^ (M) be the volume form of M. Then Tr*dvol is the volume form of G/K 
and, by section 4.2, the pull-back p* {■K*dvol) e Vf^ {BG'^°"^p) is a differential form, which 
realizes the simplicial cocycle Vd- 

Let Wo, ■ ■ ■ ,Wd be the vertices of the standard simplex A'*. Bv lLemma 7\ the isomor- 
phism 

Qstr,xo ^ ^sir,ip (^jjfjone (Uf^iBF, ^ BT)) 
maps the interior simplex str (r^') to 

(l,7i,...,7d) eSF, 
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where 7^ S F is the homotopy class of the (closed) edge from t[ {wk~i) to r^' (wk) 
and the ideal simplex str (k'-) to 



. . . c'^-) e Cone {BTk ^ BT) , 



where c'^ G dooG/K and is the homotopy class of the (closed) edge from k'j (wi-i) to 
k'j {wi). Thus 

J* [M,9Af] e Hd{BG^''"'P;Q) 

is represented by 

r p 

^(l,7l,...,7^)+E(l'^^i'---'P'rf-i'^)- 

i=i j=i 

Let sir (x, jIx, . . . , 7J . . . 7^ai) G C* (G/K) be the unique straight simplex with vertices 
X, 7{J, . . . , 75 . . . 7^5, and sir ^i,p-ja;, . . . ,p{ . . .pP^_^x, c^^ the unique ideal straight sim- 
plex with interior vertices x,p{x, . . . ,p{ . . .p^ -^a; and ideal vertex . 
By construction we have 

T^P (1,7L ■ • • ,7d) = («*^ (i,7?5, ■ • -,7^5)) = str (r/) , 



Hence 



/ p*dvol— / Tr*dvol— / dvol — vol {str {t^)) 

"'(l,7l:---,7d) "'str(£,755,...,7^K) J str^T^) 

and 



p* dvol — / IT* dvol — I dvol — vol {^str (^n'^y^ , 

(l,pj ^ ) >.' sir(a;,p^i:,...,p^_^a5,cJ ) J str^n'^^ 

Since p*dvol represents the cohomology class zJ^, this implies 

r p r p 

< Vd, (1, 7i, • • • , 7d)+E (I'^'i' • ■ • ^) E (^^^ (t;))+5^«oZ (sir = ^0/ (M) , 

j=i j=i i=i i=i 

Fi C G consists of parabolic isometrics with the same fixed point in dooG/K f[12|. 
Theorem 3.1), thus p (F^) C SL {N, C) is unipotent. By [Proposition 2] the image of 

7 (A/) e Hrf(S5L (A^,A);(Q), 

in Hd {DCone (Uf^i^F, ^ Bfi-i (TV, A)) ; Q) equals B {pj)^ [M, dM]. 

Bv ILemma 61 there is 6^ : Ca (bS'L (TV, C)^^ r) ^ E such that h |c.(i3SL(JV,c);R) 

represents bd and represents CpW^. (In particular, bd is well-defined on {Bp)^ Hd {BG'^"™^; M).) 
Then we have 

<bd,B(pj)^[M,dM] > 
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-< P*bd.3d [M, DM] >= Cp < VdJd [M, dM] CpVol (M) . 
Thus, with i : BSL{N,C) BSL{N,Cf°"'P the inclusion, and confusing 7(M) e 
Hd {BSL [A] , Q)) with its image in Hd [BSL (C) , Q)), we have 

<6rf,7(A/)>=<i*6d,7(M)> 

=< Sd, «d7 {M)>=<hd,B [p])^ [M, 9M] Cpwo; (M) . 
Bv lLcmma 21 this imphes < bd,j{M) >= Cpvol (M). 

Remark: The same argument would work for any relative fundamental cycle, not 
necessarily coming from a triangulation. 

4.6 Examples 

4.6.1 Examples from hyperbolic manifolds 

The case of hyperbolic 3-manifolds has been discussed to some extent in [3S] . 

If Af is any hyperbolic 3-manifold of finite volume, then ttiM can be conjugated to 
be contained in SL{2,F), where F is an at most quadratic extension of the trace field 
([25]), thus one gets an element in (F) (X) Q. In [28], section 9, some examples of 
this construction are given. (The discussion in [28l is about elements in B (F) (g) Q for 
the Bloch group B (F), but of course analogously one is getting elements in K3 (F) (S) Q 
associated to the respective manifolds.) 

For example (cf. f55^, section 9.4.) for any number field F with just one complex place 
there exists a hyperbolic 3-manifold of finite volume, such that its invariant trace field 
equals F. The associated 7 (M) gives a nontrivial element, and actually a generator, in 
K3 (F) ^ Q. 

4.6.2 Representation varieties 

Let AI be a compact d-manifold with boundary. If i/j : TTiAf — > G is a homomorphism, 
one can construct a V'-equivariant map f : M ^ G/K which is unique up to homotopy. 
In particular, vol {tp) := Jp f*dvol, for a fundamental domain F C M, is well-defined. If 
tp preserves parabolics, i.e. V i^^idiM) is unipotent for all components diM C dM, then 
literally the same argument as in the proof of Theorem 3 shows 

< Vd, {Byj)^ [M] vol (^) . 

Thus, if p : G — >■ GL (TV, C) is a representation with p*bd 7^ 0, one does again get 
a nontrivial element 7(1/)) I^^prd{Bp)j^{B^)^[M,dM] e Kd{<C) (g) Q. Of course, 
continuous families of parabolics-preserving representations give us constant images in 
K-theory, because already {Bil:)^[M] e Hd [DCone {yl^^BTi ^ BG) -,1) is constant. 
We note that the map is however not constant on the variety of parabolics-preserving 
representations. This follows, for example, from the volume rigidity theorem (which for 
hyperbolic manifolds has been proved by Thurston and Dunficld and in the higher rank 
case is a consequence of Margulis superrigidity theorem) which states that elements of 
the component of Rep (ttiA/, G) that contains the discrete representation are the only 
representations of maximal volume. 
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